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ON THE γ-FILTRATION OF ORIENTED COHOMOLOGY OF
COMPLETE SPIN-FLAGS
CHANGLONG ZHONG
Abstract. We study the characteristic map of algebraic oriented cohomology
of complete spin-flags and the ideal of invariants of formal group algebra. As an
application, we provide an annihilator of the torsion part of the γ-filtration.
Moreover, if the formal group law determined by the oriented cohomology
theory is congruent to the additive formal group law modulo 2, then at degree
2 and 3, the γ-filtration of complete spin-flags is torsion free.
1. Introduction
Oriented cohomology theories [LM] of algebraic varieties over base field k are
cohomology theories generalized from the Chow group CH and the Grothendieck
group K0. They are algebraic analogue of cohomology theories of complex mani-
folds. In particular, each oriented cohomology theory h determines a one-dimensional
formal group law F over the coefficient ring R = h(Spec k). For example, CH (resp.
K0) determines the additive formal group law Fa (resp. the multiplicative formal
group law Fm).
Given a split simple simply connected linear algebraic group G with the variety
of complete flags X and a fixed maximal torus T , let W be its Weyl group and
Λ be the weight lattice with respect to T . For arbitrary oriented cohomology h
and corresponding formal group law F , Calme`s-Petrov-Zainoulline [CPZ] construct
a formal group algebra R[[Λ]]F and a characteristic map cF : R[[Λ]]F → h(X).
These constructions generalize those of Demazure for the Chow group [Dem73]
and for the Grothendieck group [Dem74]. They provide algebraic tools to study
oriented cohomology of homogeneous varieties. For instance, the γ-filtration of
h(X) is defined using cF , and the associated quotients γ
(d)
h(X) are studied in
[MZZ]. More precisely, it shows in loc.it. that γ(d)h(X) is torsion free, provided
that the torsion index t of G is invertible in R. This does not include the case
when 2 is not invertible in R and G is of type Bn and Dn. The goal of this paper
is to study this case. More precisely, our main result is
thm:main 1.1 Theorem. Let G be split, simple simply connected of type Bn with n ≥ 3
or of type Dn with n ≥ 4, and let X be its variety of complete flags. Let h be
a weakly birationally invariant oriented cohomology theory with coefficients in R
satisfying Assumption 3.4. Suppose that 2 is regular in R but 12 6∈ R. Let F be the
corresponding formal group law over R, and let d ≥ 2.
(i) If R has characteristic zero, then the torsion part of γ(d)h(X) is annihilated
by ζ2dη
2
d, where the integers ζd and ηd are defined in 4.7.
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(ii) Let d = 2 or 3 and F ≡ Fa mod 2. Then γ
(d)
h(X) ∼= γ(d)CH(X ;R). In
particular, if R has characteristic zero, then γ(d)h(X) is torsion free.
Note that the annihilator we obtained depends only on the filtration degree d.
It does not depend on the rank of G, nor on the specific cohomology theory h. The
cohomology theories satisfying the hypothesis of Theorem 1.1 include any oriented
cohomology theory over a field k of characteristic zero (see 3.5) such that 2 is regular
but not invertible in h(k), e.g., the algebraic cobordism.
For d = 1, following the argument in [MZZ, Corollary 8.8], it is easy to see that
γ(1)h(X) ∼= γ(1)CH(X), so it is always torsion free (when the characteristic of R
is zero). That’s the reason why we restrict that d ≥ 2. On the other hand, similar
result was proved in [BZZ, Theorem 6.1] for Chow group of twisted flag varieties
of type Bn and Dn. Note that for h = K0 and R = Z, the formal group law is
F (x, y) = x + y − xy, so it does not satisfy the hypothesis of Theorem 1.1.(ii).
Therefore, our result does not contradict [GZ, Theorem 3.1], which says that the
torsion part of γ(2)K0(X) is Z/2. Corollary 6.3 provides more precise application
to the Grothendieck group.
To prove Theorem 1.1, we study ker cF and the ideal I
W
F of R[[Λ]]F generated
by nonconstant W -invariants. The ideal IWF itself has classical meanings. For
example, IWFa is generated by the basic polynomials invariants [Hum], and a theorem
of Chevalley says that IWFm is generated by the fundamental representations of
G. On the other hand, IWF ⊂ ker cF , and they coincide when the torsion index
of G is invertible in R. We study the generators of IWF and the index of the
embedding of IWF in ker cF . We then use the deformation map [MZZ] between
formal group algebras of two distinct F and F ′ to define a map between γ-filtrations
of corresponding oriented cohomologies h and h′. Such map enables us to compare
arbitrary h with CH.
This paper is organized as follows: In Section 2 we recall the definition of the
formal group algebra R[[Λ]]F and the deformation map. In Section 3 we recall
the definition of characteristic map and γ-filtration. In Section 4 we study the
generators of IWF . In Section 5 we provide an upper bound of the index of the
embedding of IWF in ker cF . In Section 6 we use the deformation map and the
results in Sections 4 and 5 to define a map between the γ-filtrations of different
oriented cohomologies, and prove Theorem 1.1.
Through this paper, we adopt:
• R is a commutative ring with identity such that 2 is regular but not invert-
ible.
• G is a split simple simply connected linear algebraic group of classical
Dynkin type Bn with n ≥ 3 or type Dn with n ≥ 4.
• t is the torsion index of G, which is a power of 2 in this case ([Dem73],
[Tot]).
• X is the variety of complete flags of G.
• W is the Weyl group of G.
• Λ is the group of characters of a maximal torus of G, which corresponds to
the weight lattice of G.
• {ω1, ..., ωn} is the set of fundamental weights, which is a basis of Λ.
• Σ is the set of roots with a fixed set of simple roots Π = {α1, ..., αn}.
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2. The formal group algebra and the deformation map
In this section we recall the definition of formal group algebra in [CPZ] and
the deformation map in [MZZ]. Recall that a one-dimensional commutative formal
group law F over R is a power series
F (x, y) = x+ y +
∑
i,j≥1
aijx
iyj
with aij ∈ R satisfying the following conditions:
F (x, F (y, z)) = F (F (x, y), z), F (x, y) = F (y, x), F (x, 0) = x.
We use the notations x +F y = F (x, y), 2 ·F x = F (x, x) and 3 ·F x = F (x, 2 · x),
etc.
ex:fgl 2.1 Example. (1) The addivitive formal group law Fa is defined by Fa(x, y) =
x+ y.
(2) The multiplicative formal group law Fm is defined by Fm(x, y) = x+y−axy
with a ∈ R×.
(3) The Lorentz formal group law is defined by
Fl(x, y) =
x+ y
1 + βxy
= (x+ y)
∑
i=0
(−βxy)i, β 6= 0 ∈ R.
(4) [Sil, §IV.1] Let E be the elliptic curve defined by
y = x3 + a1xy + a2x
2y + a3y
2 + a4xy
2 + a6y
3,
then the elliptic formal group law over R = Z[a1, a2, a3, a4, a6] is defined
by
Fe(x, y) = x+ y− a1xy− a2(x
2y+xy2)− 2a3(x
3y+ xy3) + (a1a2− 3a3)x
2y2+ . . . .
2.2 Definition. Let F be a formal group law over R. Consider the polynomial
ring R[xΛ] in the variables xλ with λ ∈ Λ. Let
ǫ : R[xΛ]→ R, xλ 7→ 0
be the augmentation map, and let R[[xΛ]] be the (ker ǫ)-adic completion of R[xΛ].
Let JF be the closure of the ideal of R[[xΛ]] generated by x0 and elements of the
form xλ1+λ2 − F (xλ1 , xλ2) for all λ1, λ2 ∈ Λ. Here x0 ∈ R[xΛ] is the element
determined by the zero element of Λ. The formal group algebra R[[Λ]]F is defined
to be the quotient
R[[Λ]]F = R[[xΛ]]/JF .
The augmentation map induces a ring homomorphism ǫ : R[[Λ]]F → R with kernel
IF . Then we have a filtration of R[[Λ]]F :
R[[Λ]]F = I
0
F ⊇ I
1
F ⊇ I
2
F ⊇ · · ·
and the associated graded ring
GrR(Λ, F )
def
=
∞⊕
i=0
IiF /I
i+1
F .
ex:subquotient 2.3 Example. By [CPZ, Lemma 4.2], GrR(Λ, F ) is isomorphic to the symmetric
algebra S∗R(Λ). The isomorphism maps
∏
xλi to
∏
λi. Indeed, R[[Λ]]F is non-
canonically isomorphic to R[[xω1 , ..., xωn ]].
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The action of the Weyl group W on Λ induces a W -action on R[[Λ]]F . Let
IWF be the ideal of R[[Λ]]F generated by the subset of constant-free W -invariants
R[[Λ]]WF ∩ IF . For d ≥ 0, let
I
(d)
F = I
d
F /I
d+1
F ,
(R[[Λ]]WF )
(d) = (R[[Λ]]WF ∩ I
d
F )/(R[[Λ]]
W
F ∩ I
d+1
F ),
(IWF )
(d) = (IWF ∩ I
d
F )/(I
W
F ∩ I
d+1
F ).
Then I
(d)
F is a free R-module generated by x
m1
ω1 · ... · x
mn
ωn with
∑n
i=1mi = d.
2.4 For any two formal group laws F and F ′ over R, there is an R-algebra
isomorphism, called the deformation map from F to F ′
ΦF→F
′
: R[[Λ]]F → R[[Λ]]F ′
defined as follows: firstly, one defines ΦF→F
′
(xωi) = xωi ∈ R[[Λ]]F ′ . For any
λ =
∑n
i=1miωi ∈ Λ, we have xλ = x
∑
miωi ∈ R[[Λ]]F . Then we define
ΦF→F
′
(xλ) = (m1 ·F xω1) +F · · ·+F (mn ·F xωn) ∈ R[[Λ]]F ′ .
Clearly ΦF
′→F ◦ ΦF→F
′
= idR[[Λ]]F , so it is an isomorphism. It maps I
d
F into I
d
F ′ ,
hence induces an isomorphism of R-modules
ΦF→F
′
d : I
(d)
F → I
(d)
F ′ .
A key property is that for any Πdi=1xλi ∈ I
(d)
F , we have
eq:keyproperty (1) ΦF→F
′
d (Π
d
i=1xλi) = Π
d
i=1xλi ∈ I
(d)
F ′ ,
so ΦF→F
′
d is W -equivariant. We then have
ΦF→F
′
d : (I
(d)
F )
W ∼=−→ (I
(d)
F ′ )
W ,
but in general ΦF→F
′
d ((I
W
F )
(d)) is not contained in (IWF ′ )
(d). One of the main inter-
ests of [MZZ, §8] and Section 4 of this paper is the difference between IWF and I
W
F ′ ,
i.e., to determine the smallest integer τF→F
′
d such that
τF→F
′
d · (I
W
F ′ )
(d) ⊂ ΦF→F
′
d ((I
W
F )
(d)).
If R is a UFD, such integer exists and is called the d-th exponent of the W -
action from F to F ′. In particular, by [MZZ], τFm→Fad coincides with the exponent
τd defined in [BNZ], so τ
Fm→Fa
d |2 if G is of type Bn (resp. Dn) and d ≤ 2n − 1
(resp. d ≤ 2n− 3) by [BZZ].
3. The γ-filtration of oriented cohomology theory
In this section we recall the definition of characteristic map and the γ-filtration
of oriented cohomology theory of variety of complete flags [MZZ].
3.1 An algebraic oriented cohomology theory h( in the sense of Levine–Morel) is a
contravariant functor from the category of smooth projective varieties over a field k
to the category of commutative (graded) R-algebras such that h(Spec k) = R. It is
characterized by the axioms in [LM, §1.1]. For instance, there exists push-forward
for projective morphism, and the projective bundle property and the extended
homotopy property hold.
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A cohomology theory is birationally invariant [CPZ, Definition 8.7] if for any
proper birational morphism f : X → Y of smooth projective varieties, the push-
forward of the fundamental class f∗(1X) is 1Y ∈ h(Y ), and is weakly birationally
invariant if f∗(1X) is invertible in h(Y ). The Chow ring CH over arbitrary base
field is birationally invariant, and by [LM, Theorem 4.3.9], the connective K-theory
defined over a field of characteristic 0 is universal among all birationally invariant
theories. Moreover, if the base field has characteristic 0, all oriented cohomol-
ogy theories in the sense of Levine–Morel are weakly birationally invariant [CPZ,
Corollary 8.10].
Each oriented cohomology theory determines characteristic classes, that is, a
collection of maps
chi : K0(X)→ h(X), i ≥ 1
characterized by properties [LM, Definition 1.1.2]. In particular, for any two line
bundles L1 and L2 over X one has
ch1(L1 ⊗ L2) = F (L1,L2) ∈ h(X)
for some formal group law F over R. This defines a map from the set of oriented
cohomology theories to the set of one-dimensional commutative formal group laws.
For example, Fa corresponds to the Chow group CH and Fm corresponds to the
Grothendieck group K0.
3.2 From now on, let X be the variety of complete flags, and fix a Borel subgroup
B of G. If G is of type Bn (n ≥ 3) or of type Dn (n ≥ 4), then the torsion index t
is a power of 2 (see [Dem73] for definition and [Tot] for computations).
Let F be the formal group law corresponding to the oriented cohomology h, then
there is a characteristic map, which is an R-algebra homomorphism
cF : R[[Λ]]F → h(X)
defined by cF (xλ) = c
h
1(L(λ)). Here L(λ) is the line bundle over X corresponding
to the character λ.
3.3 Definition. [MZZ, p.9] The γ-filtration of h(X) is defined as follows: γdh(X)
is defined to be the R-submodule of h(X) generated by
ch1(L1) · ... · c
h
1(Lm)
with m ≥ d and L1, ...,Lm line bundles over X. Define
γ(d)h(X) = γdh(X)/γd+1h(X).
By definition, cF induces maps
cF : I
d
F ։ γ
d
h(X) and c
(d)
F : I
(d)
F ։ γ
(d)
h(X).
The Bruhat decomposition gives X = ⊔w∈WBwB/B, i.e., X is a disjoint union
of affine spaces. The closure of BwB/B is denoted by Xw and is called a Schubert
variety. For any simple root αi, let Pi be the minimal parabolic subgroup corre-
sponding to αi. For any w ∈ W and Iw = (i1, ..., ir) a reduced decomposition of w,
the Bott–Samelson variety is defined as:
XIw := Pi1 ×
B · · · ×B Pir .
The multiplication map induces qIw : XIw/B → X which factors through Xw:
qIw : XIw/B → Xw → X
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where the first map is surjective and birational, and the second one is a closed
embedding. Denote ζIw := (qIw )∗(1) ∈ h(X).
assump 3.4 Assumption. [CPZ, Assumption 13.2] For each w ∈ W , let Iw be a reduced
decomposition of w. The set {ζIw}w∈W forms a R-basis of h(X).
remark:assumption 3.5 For example, according to [CPZ, Lemma 13.3], CH and K0 in Z or Z/m co-
efficients over arbitrary base field satisfy this assumption, and so does any oriented
cohomology theory over a field of characteristic zero. If, in addition, h is weakly
birationally invariant and t is regular in R, then by [CPZ, Theorem 13.12], cF
coincides with the characteristic map defined in [CPZ, §6] (one can view the latter
map as the algebraic replacement of cF ). In this case, I
W
F ⊂ ker cF . Furthermore,
if the torsion index t is invertible in R, then cF is surjective with ker cF = I
W
F
[CPZ, Theorem 6.9].
Throughout this paper, we always assume that h is weakly birationally invariant
and satisfies Assumption 3.4, for example, h can be any oriented cohomology theory
over k with characteristic zero.
4. The invariants
In this section, we study the generators of IWF , and prove Lemma 4.6 and 4.8
concerning the invariants Θd. The “only if” parts of the two lemmas are proved in
Lemmas 8.3, 8.4, 8.5 of [MZZ].
First, we prove some property of formal group law. Let
F (x, y) = x+ y +
∞∑
m=1
ammx
mym +
∑
l=3
∑
j+k=l,j<k
ajk(x
jyk + xkyj).
We use ıF (x) ∈ R[[Λ]]F to denote the (formal) inverse of x ∈ R[[Λ]]F , and O(s) to
denote a sum of terms of degree ≥ s.
def:even 4.1 Definition. We say that a formal group law F is even if
F (x, y) ≡ x+ y mod 2.
4.2 Example. (1) If β2 ∈ R, then the Lorentz formal group law Fl(x, y) =
x+y
1+βxy is even.
(2) If all the elements a1, a2, a3, a4 and a6 in Example 2.1.(4) are even integers,
then the elliptic formal group law Fe is even. This follows from the fact that
all the coefficients of Fe(x, y) (except for those of x and y) are combinations
of ai, i = 1, 2, 3, 4, 6.
lemma:inverse 4.3 Lemma. If the formal group law F satisfies that 2|amm for 1 ≤ m < s, then
ıF (x) ≡ x+ assx
2s +O(2s+ 1) mod 2.
Consequently, if 2|ass for all s, then ıF (x) ≡ x mod 2.
Proof. In general, we have
ıF (x) = −x+ a11x
2 +O(3),
so the lemma holds for s = 1.
We proceed by induction on s. Assume it holds for s = k − 1, i.e., if 2|amm for
m < k − 1, then
ıF (x) ≡ x+ ak−1,k−1x
2k−2 + b0x
2k−1 + b1x
2k +O(2k + 1) mod 2.
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Now assume s = k, i.e., assume in addition that 2|ak−1,k−1. By the induction
assumption,
ıF (x) ≡ x+ b0x
2k−1 + b1x
2k +O(2k + 1) mod 2.
It suffices to show that b0 ≡ 0 and b1 ≡ akk mod 2. Modulo 2 and O(2k + 1), we
have
0 ≡ F (x, ıF (x))
≡ x+ (x+ b0x
2k−1 + b1x
2k) + akkx
k(x + b0x
2k−1 + b1x
2k)k
+
2k∑
l=3
∑
i < j,
i+ j = l
aij
(
xi(x+ b0x
2k−1 + b1x
2k)j + xj(x+ b0x
2k−1 + b1x
2k)i
)
.
Now, modulo O(2k + 1), we have xk(x + b0x
2k−1 + b1x
2k)k ≡ x2k and for each
i+ j ≥ 3, we have
xi(x+ b0x
2k−1 + b1x
2k)j ≡ xi
∑
j1+j2+j3=j
(
j
j1, j2, j3
)
(x)j1 (b0x
2k−1)j2(b1x
2k)j3
≡ xi+j .
Therefore, modulo 2 and O(2k + 1), we have
0 ≡ F (x, ıF (x)) ≡ b0x
2k−1 + b1x
2k + akkx
2k.
Hence, b0 ≡ 0 mod 2 and b1 ≡ akk mod 2. 
notation:weight 4.4 We now define some elements of IWF which are possible candidates of the gen-
erators of IWF . Let {ei}
n
i=1 be the standard basis of R
n that defines the root system
of G. The element ei belongs to Λ, hence can be written as a linear combination
of ωi’s. If G is of type Bn with n ≥ 3, then
e1 = ω1, ei = ωi − ωi−1 for 2 ≤ i ≤ n− 1, and en = 2ωn − ωn−1.
If G is of type Dn with n ≥ 4, then
e1 = ω1, ei = ωi − ωi−1 for 2 ≤ i ≤ n− 2,
en−1 = ωn − ωn−1, and en = ωn + ωn−1 − ωn−2.
For d = 1, ..., n, define theW -invariant element Θd ∈ R[[Λ]]
W
F ∩IF together with
a positive integer rd as follows;
(1) If G is of type Bn with n ≥ 3, define Θ
B
d =
∑n
i=1 x
d
eix
d
−ei . Since the Weyl
group W acts on {ei}
n
i=1 by permutations and by sign changes, we see that
ΘBd ∈ R[[Λ]]
W
F . Let rd = 2 if d is a power of 2 and rd = 1 otherwise.
(2) If G is of type Dn with n ≥ 4, define Θ
D
d = Θ
B
d for d = 1, ..., n − 1 and
ΘDn =
∏n
i=1(xei − x−ei ). Since W acts by permutations of ei and by sign
changes of even numbers of ei’s, we see that Θ
D
d ∈ R[[Λ]]
W
F . Let rn = 2
n.
For d = 1, ..., n− 1, let rd = 2 if d is a power of 2, and rd = 1 otherwise.
4.5 Example. By [Hum, 3.12] and [Mac, Remark 2 in page 19 and Ch. I. (2.4)], if
F = Fa, then the coefficients of the polynomials Θd ∈ R[[xω1 , ..., xωn ]] are integers
with g.c.d. rd, and
R[[Λ]]WFa = R[[
1
r1
Θ1, ...,
1
rn
Θn]].
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But this may fail if F 6= Fa. In the following lemma, we will provide a necessary and
sufficient condition for this to hold. The idea of the proof is to express xei in terms
of xωj using the relations in 4.4, and study their coefficients via the non-canonical
isomorphism R[[Λ]]F ∼= R[[xω1 , ..., xωn ]].
lemma:key1 4.6 Lemma. (1) Let G be of type Bn with n ≥ 3 (resp. of type Dn with
n ≥ 4) and let d ≤ n (resp. d < n) be a positive power of 2, then F is even
if and only if Θd2 ∈ IF for some d (hence for all d).
(2) Let G be of type Dn, then 2|amm for all m ≥ 1 if and only if
Θn
2n ∈ IF .
Proof. (1) The “only if” part was proved in [MZZ], so we only prove the “if” part.
Suppose G is of type Bn. Let ν0 = 0, νi = e1 + ...+ ei = ωi for i = 1, ..., n− 1 and
νn = 2ωn. We show that if F is not even, then 2 ∤ Θ
B
d for any d. Since F is not
even, then 2 ∤ ass for some s or 2 ∤ ajk for some j < k.
First, assume that s is the smallest integer such that 2 ∤ ass. For any λ1, λ2 ∈ Λ,
let xλ1−λ2 =
∑∞
k=1 fk(xλ1 , xλ2), where fk(x, y) is a homogeneous polynomial of
degree k in R[x, y]. For instance, f1(x, y) = x − y. Since the binomial formula
satisfies (z1 + z2)
d ≡ zd1 + z
d
2 mod 2, by Lemma 4.3, modulo 2 and I
2sd+2d
F we
obtain
ΘBd ≡
n∑
i=1
xdeix
d
−ei ≡
n∑
i=1
xdei(xei + assx
2s
ei )
d
≡
n∑
i=1
xdei(x
d
ei + a
d
ssx
2sd
ei ) ≡
n∑
i=1
(x2dei + a
d
ssx
2sd+d
ei )
≡
n∑
i=1
[
(
∞∑
k=1
fk(xνi , xνi−1))
2d + adss(
∞∑
k=1
fk(xνi , xνi−1))
2sd+d
]
≡
n∑
i=1
[ ∞∑
k=1
fk(xνi , xνi−1 )
2d + adss(
∞∑
k=1
fk(xνi , xνi−1))
2sd+d
]
.
Notice that fk(xνi , xνi−1)
2d is a homogeneous polynomial of degree 2kd. Therefore,
the degree (2s+ 1)d term of ΘBd is given by
n∑
i=1
adssf1(xνi , xνi−1 )
2sd+d =
n∑
i=1
adss(xνi − xνi−1)
2sd+d.
Since 2ds + d is not a power of 2, by Lucas’ Theorem, 2 ∤
(
2ds+ d
a
)
for some
0 < a < 2ds+ d, so 2 ∤ (xνi − xνi−1)
2sd+d for all i. Since 2 ∤ ass, so we have 2 ∤ Θ
B
d
in IF /I
2sd+d
F , which implies that 2 ∤ Θ
B
d in IF .
Suppose that 2|ass for all s ≥ 1 and l0 is the smallest integer such that 2 ∤ aj0,l0−j0
for some j0 < l0/2. Then we can write
F (x, y) ≡ x+ y +
∑
l=l0
∑
j<k,j+k=l
ajk(x
jyk + xkyj) mod 2.
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By Lemma 4.3, x−ei ≡ xei mod 2. So Θ
B
d ≡
∑n+1
i=1 x
2d
ei mod 2 in IF . Modulo 2,
we have
ΘBd ≡
n∑
i=1
x2dei ≡
n∑
i=1
x2dνi−νi−1
≡
n∑
i=1
F (xνi , ıF (xνi−1 ))
2d ≡
n∑
i=1
F (xνi , xνi−1)
2d
≡
n∑
i=1

xνi + xνi−1 +∑
l=l0
∑
j<k,j+k=l
ajk(x
j
νix
k
νi−1 + x
k
νix
j
νi−1 )


2d
≡
n∑
i=1

x2dνi + x2dνi−1 +
∑
l=l0
∑
j<k,j+k=l
a2djk(x
2jd
νi x
2kd
νi−1 + x
2kd
νi x
2jd
νi−1 )

 .
The coefficient of x2j0dν1 x
2d(l0−j0)
ν2 = x
2j0d
ω1 x
2d(l0−j0)
ω2 is a
2d
j0,l0−j0
, which is not divisible
by 2 by assumption. So 2 ∤ ΘBd .
If the root system is of type Dn and d < n, the proof is similar.
(2) If 2|amm for all m, then x−ei ≡ xei mod 2 by Lemma 4.3. So 2|(xei − x−ei)
and 2n|ΘDn .
Conversely, if 2 ∤ amm for some m, let s ≥ 1 be the smallest such integer. Then
by Lemma 4.3, x−ei ≡ xei + assx
2s
ei mod 2, so xei − x−ei + assx
2s
ei ≡ 0 mod 2. Let
̺i = xei − x−ei , then modulo 2
n,
0 ≡
n∏
i=1
(̺i + assx
2s
ei )
≡
n∏
i=1
̺i + ass
n∑
i=1
x2sei Sn−1({̺j}j 6=i) +O(n+ 2s).
Here Sn−1 is the elementary symmetric polynomial of degree n − 1. We compute
x2se1Sn−1({̺j}j 6=1), which has degree n+2s− 1. Modulo I
n+2s
F , it is reduced to the
additive case, in which case ̺j = 2xej . Hence
x2se1Sn−1({̺j}j 6=1) ≡ x
2s
e1Sn−1({2xej}j 6=1) ≡ 2
n−1 · x2se1Sn−1({xej}j 6=1) mod I
n+2s
F .
Representing {xei}
n
i=1 by {xωj}
n
j=1 using the relations in 4.4, we see that the coef-
ficient of the monomial x2s+1ω1
∏n−1
j=2 xωj is (−1)
n−1, so the g.c.d. of the coefficients
of x2se1Sn−1({̺j}j 6=1) in R[xω1 , ..., xωn ] is 2
n−1. Hence,
ass
n∑
i=1
x2sei Sn−1({̺j}j 6=i) 6≡ 0 mod 2
n.
So ΘDn =
∏n
i=1 ̺i is not divisible by 2
n in IF /I
n+2s
F , so
1
2nΘ
D
n /∈ IF . 
4.7 If f ∈ IdF \I
d+1
F , we say that deg f = d. Then for d = 1, ..., n, we have degΘ
B
d =
2d. For the type Dn, degΘ
D
d = 2d for d = 1, ..., n − 1 and degΘ
D
n = n. Given a
n-tuple α = (α1, ..., αn) with αi ∈ Z≥0, let rα =
∏n
i=1 r
αi
i , Θ(α) =
∏n
i=1Θ
αi
i and
|α| =
∑n
i=1 αi · degΘi.def:number
Let ν2(m) be the 2-adic valuation of m. To simplify the notations, we define a
collection of integers {ζd, ηd}d≥1 which depends on the Dynkin type of G.
10 CHANGLONG ZHONG
(1) If G is of type Bn with n ≥ 3, let ζd = 2
[d/2] for d ≥ 1. Let η1 = 1,
η2 = η3 = 2, η4 = 4, ηd = 2
d+ν2([d0/2]!) for d ≥ 5 with d0
def
= min{d, 2n}.
(2) If G is of type Dn(n ≥ 4), let ζd = 2
[d/2] for 1 ≤ d < n and ζd = 2
[d/n]n for
d ≥ n. If n = 4, let η1 = 1, η2 = η3 = 2, ηd = 2
d+ν2([d1/2]!) for d ≥ 4 with
d1
def
= min{d, 2n − 2}. If n ≥ 5, let η4 = 4 and for other d, define ηd the
same way as for D4.
The ζd’s were defined in [MZZ] and the ηd’s were defined in [BZZ].
lemma:invariant 4.8 Lemma. Let G be of type Bn with n ≥ 3 or of type Dn with n ≥ 4 and let
d ≥ 2.
(1) We have
ζd · (R[[Λ]]
W
F )
(d) ⊆ 〈Θ(α)〉|α|=d ⊆ (R[[Λ]]
W
F )
(d).
Moreover, F is even if and only if for some d (hence for all d),
(R[[Λ]]WF )
(d) = 〈
1
rα
Θ(α)〉|α|=d.
(2) We have
ζd · (I
W
F )
(d) ⊆ {
∑
degΘi≤d
giΘi|gi ∈ I
(d−degΘi)
F } ⊆ (I
W
F )
(d).
Moreover, F is even if and only if for some d (hence for all d),
(IWF )
(d) = {
∑
degΘi≤d
gi
ri
Θi|gi ∈ I
(d−degΘi)
F }.
Proof. (1) The first statement and the “only if” part of the second statement were
proved in [MZZ, Lemma 8.4]. For the “if” part of the second statement, note that
the assumption
(R[[Λ]]WF )
(d) = 〈
1
rα
Θ(α)〉|α|=d
for some d implies that 12Θ1 ∈ IF . By Lemma 4.6, F is even.
(2) The first statement and the “only if” part of the second statement were
proved in [MZZ, Lemma 8.5]. The proof of the “if” part is similar to that of
(1). 
4.9 Remark. [MZZ, Lemmas 8.4, 8.5, Theorem 8.6] Indeed, in Lemma 4.8, if onerem:invariant
replaces the condition that F is even by the condition that 12 ∈ R, then we have
(R[[Λ]]WF )
(d) = 〈Θ(α)〉|α|=d, (I
W
F )
(d) = {
∑
degΘi≤d
giΘi|gi ∈ I
(d−degΘi)
F },
and (IW )(d) = ΦF→F
′
d ((I
W
F )
(d)) for arbitrary F, F ′ and d ≥ 2. Similarly, if both F
and F ′ are even, then one still has (IWF ′ )
(d) = ΦF→F
′
d ((I
W
F )
(d)). For general F and
F ′, one has ζd · (I
W
F ′ )
(d) ⊂ ΦF→F
′
d ((I
W
F )
(d)). We will use these facts in the next
section.
ON THE γ-FILTRATION OF ORIENTED COHOMOLOGY OF COMPLETE SPIN-FLAGS 11
5. The kernel of the characteristic map
sec:CompInv
In this section we compute an upper bound of the index of embedding (IWF )
(d)
in ker c
(d)
F , which will be used in Section 6 to prove the main result.
Let R˜ = R[ 12 ]. Let I˜F ⊂ R˜[[Λ]]F (resp. c˜F ) be the corresponding augmentation
ideal (resp. the characteristic map). Let c
(d)
F and c˜
(d)
F be the characteristic maps on
the corresponding subquotients on I
(d)
F and I˜F
(d)
, respectively. By 3.5, (I˜F
W
)(d) =
ker c˜
(d)
F . By [CPZ, Proposition 6.5], there is a commutative diagram
(2) ker c
(d)
F


//

I
(d)
F

c
(d)
F
// // γ(d)h(X)

(I˜F
W
)(d) ker c˜
(d)
F


// I˜F
(d) c˜
(d)
F
// // γ(d)h˜(X).
For any y ∈ ker c
(d)
F we have y ∈ ker c˜
(d)
F = (I˜F
W
)(d), so by Remark 4.9,
eq:kerinv (3) y =
∑
degΘi≤d
giΘi, gi ∈ I˜F
(d−degΘi)
.
The following two lemmas generalize [GZ, §1B], [BNZ, Lemma 6.4] and [BZZ,
Proposition 4.5] from Fa to general F . One also notes that if F = Fm, then
ker cF = I
W
F .
lemma:kerinvspec 5.1 Lemma. (1) Let G be of type Bn with n ≥ 3 or of type Dn with n ≥ 4
and let d = 2 or 3. Then 2 ·ker c
(d)
F ⊆ (I
W
F )
(d). If F is even, then ker c
(d)
F =
(IWF )
(d).
(2) Let G be of type Bn with n ≥ 3 or of type Dn with n ≥ 5. Let d = 4. We
have 4 · ker c
(d)
F ⊆ (I
W
F )
(d). If F is even, then 2 · ker c
(d)
F ⊆ (I
W
F )
(d).
Proof. (1) Suppose that G is of type Bn. For any y ∈ ker c
(2)
F , by Equation (3), we
have
y = u ·Θ1 ∈ (R˜[[Λ]]
W
F )
(2)
for some u ∈ R˜. That is, u ·Θ1 = y in I
(2)
F , so both sides are polynomials of degree
2 in R[xω1 , ..., xωn ]. Note that
Θ1 = 2
n−2∑
i=1
(x2ωi − xωixωi+1) + 2x
2
ωn−1 − 4xωn−1xωn + 4x
2
ωn .
The g.c.d. of the coefficients of Θ1 ∈ (I
W
F )
(2) is 2, so 2u ∈ R. Therefore, 2y =
2u ·Θ1 ∈ (I
W
F )
(2).
If F is even, then by Lemma 4.6, Θ12 ∈ R[[Λ]]
W
F , so y =
Θ1
2 · 2u ∈ (I
W
F )
(2).
Now let d = 3. For any y ∈ ker c
(3)
F , by Equation (3), we have
eq:deg3 (4) y = Θ1 · f1 ∈ I˜F
(3)
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for some f1 ∈ I˜F
(1)
. We show that 2f1 ∈ I
(1)
F . Suppose that f1 =
∑n
i=1 aixωi with
ai ∈ R˜. Write
y =
n∑
i=1
aiiix
3
ωi +
∑
i<j
(aiijx
2
ωixωj + aijjxωix
2
ωj ) +
∑
i<j<k
aijkxωixωjxωk ∈ I
(3)
F
with aiii, aijj , aiij , aijk ∈ R. For any i < n, by comparing the coefficients of x
3
ωi in
Equation (4), we see that 2ai = aiii ∈ R. By comparing the coefficients of x
2
ω1xωn ,
we have 2an = a11n ∈ R. Hence, 2f1 ∈ I
(1)
F and 2y = 2f1Θ1 ∈ (I
W
F )
(3).
If F is even, then by Lemma 4.6, Θ12 ∈ R[[Λ]]
W
F , so y =
Θ1
2 · 2f1 ∈ (I
W
F )
(3).
If G is of type Dn with n ≥ 4, the proof is similar, since the generator involved
in this case is Θ1 only.
(2) Let G be of type Bn. For y ∈ ker c
(4)
F , by Equation (3),
y = f0Θ2 + f2Θ1
for some polynomials fi ∈ I˜F
(i)
. Notice that there exists positive integer b such
that the polynomials 2bf0 ∈ IF and 2
bf2 ∈ IF . Let b0 be the smallest among these
integers, and we claim that b0 ≤ 2. If not, then b0 ≥ 3. It implies that
2b0f0Θ2 + 2
b0f2Θ1 = 2
b0y ≡ 0 mod 8
with 2b0fi ∈ I
(i)
F . Since
Θ1
2 ∈ I
(2)
F and
Θ2
2 ∈ I
(4)
F , so in I
(4)
F , we have
2b0f0
Θ2
2
+ 2b0f2
Θ1
2
≡ 0 mod 4.
By Example 2.3, I
(4)
F
∼= I
(4)
a . By the proof of [BNZ, Lemma 6.4], this implies
that g.c.d.{2b0f0, 2
b0f2} = 2, therefore, 2
b0−1fi ∈ I
(i)
F . This contradicts to the
minimality assumption of b0. Hence b0 ≤ 2 and 4y = 4f0Θ2 + 4f2Θ1 ∈ (I
W
F )
(4).
If F is even, then Θ12 ,
Θ2
2 ∈ IF , therefore, 2y = 4f0 ·
Θ2
2 + 4f2
Θ1
2 ∈ (I
W
F )
(4).
If G is of type Dn with n ≥ 5, the proof is similar, since the only generators of
(R[[Λ]]WF )
(4) are Θ1 and Θ2. 
lemma:kerinvgen 5.2 Lemma. Let G be of type Bn with n ≥ 3 or of type Dn with n ≥ 4, then
ηd · ker c
(d)
F ⊆ (I
W
F )
(d), where the integer ηd was defined in 4.7.
Proof. Let G be of type Bn. The case of type Dn is similar. For d ≤ 4, it is proved
in Lemma 5.1. So let d ≥ 5. For any y ∈ ker c
(d)
F , by Equation (3),
eq:ker (5) y =
∑
degΘi≤d
fd−2iΘi ∈ I
(d)
F , fd−2i ∈ I˜F
(d−2i)
.
The polynomials fd−2i ∈ I˜F
(d−2i)
are non-uniquely determined by y, and there
exists positive integer b (determined by {fd−2i}) such that 2
bfd−2i ∈ I
(d−2i)
F for
all i. Suppose that b0 is the smallest among these integers and among {fd−2i}
satisfying Equation (5). We claim that 2b0 |ηd. If not, then 2ηd|2
b0 . Then in I
(d)
F ,
we have
2b0y =
∑
degΘi≤d
2b0fd−2iΘi ∈ I
(d)
F , 2
b0fd−2i ∈ I
(d−2i)
F .
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By Example 2.3, I
(d)
F
∼= I
(d)
a . By the proof of [BZZ, Proposition 4.5], we know that
there exists gd−2i ∈ I˜F
(d−2i)
such that
y =
∑
degΘi≤d
gd−2iΘi ∈ I
(d)
F
with 2b0−1gd−2i ∈ I
(d−2i)
F . This contradicts the minimality assumption of b0. There-
fore, 2b0 |ηd and ηdy =
∑
ηdfd−2iΘi ∈ (I
W
F )
(d). 
6. Comparison of γ-filtrations
In this section we apply the computation in Sections 4 and 5 to compare γ-
filtrations of different oriented cohomology theories, and prove the main result of
this paper.
lemma:main 6.1 Lemma. Let G be of type Bn with n ≥ 3 or of type Dn with n ≥ 4. Let h
and h′ be two weakly birationally invariant oriented cohomology theories satisfying
Assumption 3.4. Let F and F ′ be the corresponding formal group laws, respectively.
Then:
(a) The map ζdηd · Φ
F→F ′
d : I
(d)
F → I
(d)
F ′ induces a map γ
(d)
h(X)→ γ(d)h′(X).
(b) If F and F ′ are even, then one can replace ζdηd in (a) by ηd.
Proof. (a) Suppose G is of type Bn. The case of type Dn can be proved similarly.
We have the following diagram
(IWF )
(d) 

// ker c
(d)
F


// I
(d)
F
ΦF→F
′
d
∼=

c
(d)
F
// // γ(d)h(X)
(IWF ′ )
(d) 

// ker c
(d)
F ′


// I
(d)
F ′
c
(d)
F ′
// // γ(d)h′(X).
It suffices to show that ζdηd ·Φ
F→F ′
d maps ker c
(d)
F into ker c
(d)
F ′ . For any y ∈ ker c
(d)
F ,
by Lemma 5.2, ηd · y ∈ (I
W
F )
(d). By Lemma 4.8,
ζdηd · y =
∑
degΘi≤d
giΘi
for some gi ∈ I
(d−2i)
F . By Equation (1), we have
ΦF→F
′
d (ζdηd · y) =
∑
degΘi≤d
giΘi ∈ (I
W
F ′ )
(d) ⊆ ker c
(d)
F ′ .
Therefore, ζdηd · Φ
F→F ′
d induces a map γ
(d)
h(X)→ γ(d)h′(X).
(b) If F and F ′ are even, then for any y ∈ ker c
(d)
F , by Lemma 5.2, ηd ·y ∈ (I
W
F )
(d).
By Remark 4.9, ΦF→F
′
d ((I
W
F )
(d)) = (IWF ′ )
(d). Hence,
ΦF→F
′
d (ηd · y) ∈ (I
W
F ′ )
(d) ⊆ ker c
(d)
F ′ .
Therefore, ηd · Φ
F→F ′
d induces a map γ
(d)
h(X)→ γ(d)h′(X). 
We are now ready to prove the main result of this paper.
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Proof of Theorem 1.1. We only consider the Bn case, since the Dn case is similar.
(i) By Lemma 6.1, there is a commutative diagram
diagram:char (6) I
(d)
F
ζdηdΦ
F→Fa
d

c
(d)
F
// // γ(d)h(X)

I
(d)
a
c(d)a
// // γ(d)CH(X ;R).
Given any torsion element u ∈ γ(d)h(X), since γ(d)CH(X ;R) ⊆ CHd(X ;R) is
torsion free, so u is mapped to 0 in γ(d)CH(X ;R). Lift u to an element v ∈ I
(d)
F ,
and look at its image ζdηdΦ
F→Fa
d (v) ∈ I
(d)
a . Since c
(d)
a (v) = 0, so ζdηdΦ
F→Fa
d (v) ∈
ker c
(d)
a , hence by Lemma 5.2, ηdζdηdΦ
F→Fa
d (v) ∈ (I
W
a )
(d), and by Remark 4.9,
ζdηdζdηdΦ
F→Fa
d (v) ∈ Φ
F→Fa
d ((I
W
F )
(d)).
Applying (ΦF→Fad )
−1, we see that ζ2dη
2
dv ∈ (I
W
F )
(d) ⊆ ker c
(d)
F . Hence, ζ
2
dη
2
d · u =
c
(d)
F (ζ
2
dη
2
d · v) = 0.
(ii) Let d = 2 or 3. Since F and Fa are even, so by Lemma 5.1,
(IWF )
(d) = ker c
(d)
F and (I
W
a )
(d) = ker c(d)a .
By Remark 4.9, we know that ΦF→Fad ((I
W
F )
(d)) = (IWa )
(d). Therefore, the isomor-
phism ΦF→Fad restricted to ker c
(d)
F induces an isomorphism
ker c
(d)
F
∼= ker c(d)a ,
hence it induces an isomorphism
γ(d)h(X) ∼= γ(d)CH(X ;R).

6.2 Remark. In Theorem 1.1.(i), if F is even, then one can use Lemma 6.1.(b)
to replace ζ2dη
2
d by ζdηd.
cor:K 6.3 Corollary. If F is the corresponding formal group law for h, then the map
ζd · Φ
Fm→F
d induces a map γ
(d)K0(X) → γ
(d)
h(X). In particular, if R = Z, then
the torsion part of γ(d)K0(X) is annihilated by ζ
2
dηd.
Proof. The proof is similar to those of Lemma 6.1.(a) and Theorem 1.1.(i) by using
the fact that ker cFm = I
W
Fm
. 
6.4 Remark. This corollary can be used to refine the upper bound in [BZZ] of
the annihilator of Chow group of twisted flag varieties.
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